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CJ ■ Abstract 

■ Although it is believed unlikely that NP-hard problems admit efficient quantum 

' algorithms, it has been shown that a quantum verifier can solve NP-complete problems 

given a "short" quantum proof; more precisely, NP C QMAiog(2) where QMAiog(2) 
denotes the class of quantum Merlin- Arthur games in which there are two unentangled 
provers who send two logarithmic size quantum witnesses to the verifier. The inclusion 
NP C QMAiog(2) has been proved by Blier and Tapp by stating a quantum Merlin- 
Arthur protocol for 3-coloring with perfect completeness and gap 24^- Moreover, 
Aaronson et al. have shown the above inclusion with a constant gap by considering 
^ ■ O(-yn) witnesses of logarithmic size. However, we still do not know if QMAiog(2) with 

^H' a constant gap contains NP. In this paper, we show that 3-SAT admits a QMAiog(2) 

protocol with the gap — jqrr for every constant e > 0. 
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^ ! 1 Introduction 

\ QMA is the class of problems that can be solved by a quantum polynomial time verifier 

• (Arthur) , given a polynomial size quantum proof by Merlin. The notion of quantum nonde- 

terminism was first discussed by Knill [T] , and then studied by Kitaev [5] and Watrous [TS] . 
Later by the profound result of Kiteav et al. [Hj, who showed that the local Hamiltonian 
! problem is QMA-complete, QMA was turned to an important complexity class. Although 

■ QMA and the local Hamiltonian problem are considered as the quantum analogue of NP 
and 3-SAT, respectively, there are other types of quantum Merlin- Arthur games without 

. , ■ any classical analogue. 

r> ' In the classical case, k Merlins, each one of which sends Arthur his own witness, is the 

■ same as one Merlin who sends all the messages together. However, in the quantum case 
we may consider the case where the k Merlins arc not entangled and then send a separable 
state to Arthur. Thus, wc cannot argue that one Merlin can send all the witnesses since 
he may cheat by sending an entangled state. So we obtain the non-trivial complexity class 
QMA(fc) which has been first defined by Kobayashi et al. [HI. 

By definition, we have QMA = QMA(l) C QMA(2) C QMA(3) C • • • , so a question 
that arises is that whether we have equality somewhere or whether all the inclusions are 
strict. Also, the gap amplification problem is not an easy one for QMA(A:). The first idea 
toward proving gap amplification is to ask each Merlin to send polynomially many copies 
of his witness and then repeat the verification procedure many times. But this idea fails 
because one of the Merlins may cheat by entangling his copies. Then after the first round of 
the procedure we end up with some entanglement between different messages, which is not 
allowed. So there are two important questions regarding QMA(/c): first, is there some k such 
that QMA(fc + 1) = QMA(fc), and second, can we amplify the gap in QMA(fc) protocols? It 
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is interesting that these two questions are related [9l [TOl [3] ; if we could amplify the error 
in QMA(fc) protocols, then QMA(2) = QMA(fc), for any k > 2. Also, it has been proved by 
Aaronson et al. [3\ that we can amplify the gap if the Weak Additivity Conjecture holds. 

Other than changing the number of Merlins, we can consider the case where the size of the 
witnesses is less than poly(n). For instance, in the classical case log(n)-size witnesses never 
help the verifier to solve any problem beyond P because he can check all such witnesses 
in polynomial time. But this argument fails in the quantum case and we can define the 
complexity classes QMAiog(fc). Although the strong gap amplification protocol of [11] for 
QMA = QMA(l) shows that for fc = 1 we have QMAjog — BQP, which is the same situation 
as in the classical case, we do not know any non-trivial upper bound for QMAiog(2). 

Recently, Blier and Tapp [6j have shown that QMAiog(2) with perfect completeness and 
soundness 1 — contains the 3-coloring problem, turning this complexity class to an 
interesting one which contains both BQP and NP. The only issue regarding this result is 
that the gap should be small (ji^)- In contrast, Aaronson et al. [3] have proved that NP 
has a constant gap quantum Merlin- Arthur protocol in which there are 0(-\/n) Merlins each 
one of which sends a log(n)-qubit state. 

In this paper, we show that 3-SAT is in QMAiog(2) with the gap for any constant 
e > 0. Comparing to [5], we improve the gap at the cost of losing perfect completeness. 

1.1 Main idea 

Suppose that Arthur is given a quantum state over two registers of size log(n), and wants to 
recognize whether this state is entangled or not. We do not know any algorithm to recognize 
entanglement, but if two unentangled Merlins give Arthur two witnesses, by comparing them 
to his state he can check whether the state is separable or not. It means that a two-prover 
Merlin-Arthur protocol can recognize separable states. On the other hand, Gurvits has 
shown that given the classical description of a quantum state over two registers, it is NP- 
complete to decide whether the state is separable or not. Therefore, we have a way of 
comparing QMAiog(2) and NP. This is the main idea behind our result, but it should be 
slightly changed in order to obtain a larger gap. 

2 Definitions and basic properties 

Through this paper we assume the basic knowledge on theory of quantum computing |12j 
and complexity theory [Ml [13] . 

2.1 QMAiog(2) 

Definition 2.1 Let k be an integer, and a = a{n), b = b{n) be functions such that, < 5 < 
a < 1- Also, let f{n) be a Junction ofn. Then the complexity class QMAj(„) (fc, a, 6) consists 
of languages L for which there exists a quantum polynomial time verifier V such that for 
any x G {0, 1}", 

• Completeness: if x ^ L, then there are 0{f{n))-qubit states \ipi), . . . ,\ipk) such that 
Pr[V accepts \x)\'ipi) . . . {ipk)] > a. 

• Soundness: if x ^ L, then for any 0{f{n))-qubit states ■ • ■ , iV'fc) we have 
Pr[V accepts \x)\'il)i) . . . {ipk)] < b- 
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Here, by convention when the number k or function f{n) are not mentioned we mean 
that fc = 1 and f{n) is a polynomial of n. Also, we let QMAj(„) (fc) to be 

QMA/(„)(fc)= U QMA/(„)(fc,a,6), (1) 

a{n) .b{n) 

where the union is taken over all functions a{n) and b{n) such that < b{n) < a{n) < 1, 
and a{n) — b{n) > n~'^ holds for sufficiently large n and some constant c. 

Other than the usual case f{n) — poly(n), /(n) — log(n) is also of interest. Marriott 
and Watrous [Tl| have considered f{n) — log(n) for the first time. 

Theorem 2.1 [11] QMAi^g = BQP. 

Proof of this theorem is based on a gap amplification argument without increasing the 
size of witness, which is not known for QMA(2). So we cannot argue that QMAiog(2) is 
the same as BQP. Indeed, it is a non-trivial complexity class due to the result of Blier and 
Tapp. 

Theorem 2.2 [3] 3-coloring belongs to QMAiog(2, 1,1- ^h^)- 
2.2 2-out-of-4-SAT 

To prove the containment NP C QMAiog(2) we should find a protocol to solve some NP- 
complete problem in QMAiog(2). Although the most well-known such problem is 3-SAT, it 
is convenient for us to use a variant of this problem called 2-out-of-4-SAT. 

Any instance of 2-out-of-4-SAT consists of some clauses each of which contains exactly 
four literals, and is satisfied if in each clause exactly two of the literals are true. 2-out-of-4- 
SAT can also be expressed as follows. 

The clauses of the problem are vectors |ai), |a2), . . . , \a„i) of the form 

n 

where Ckj — or and for each k there are exactly four non-zero Ckj, 1 < J < We 
say that the j-th variable appears in clause \ak) if Ckj is non-zero. Now the problem is to 
decide whether there exists a vector \'ip) orthogonal to all |afc)'s and of the form 

n 

\rP)=Y.±^\j). (3) 

Lemma 2.1 [3] There exists a polynomial time Karp reduction that maps a 3-SAT instance 
a to a 2-out-of-4-SAT instance (3 such that 

• If a has n variables and n' > n clauses, then (3 has 0(n'poly log(n')) variables and 
0(7i'poly log(7i')) clauses. 

• Every variable of (3 occurs in at most c clauses, for some constant c. 

• The reduction is a PCP, meaning that satisfiable instances map to satisfiable instances, 
while unsatisfiable instances map to instances in which at most a constant fraction of 
the clauses can be satisfied at the same time. 
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3 Complexity of recognizing entanglement 



Let _ff be a hermitian matrix of polynomial size (over log(rt) qubits). Then, the problem of 
maximizing |</)) over all states |(/)) is an eigenvalue problem and can be solved efficiently. 
Now assume that we restrict \(t>) to be a separable state. (Here we assume that H acts over 
two registers.) Then the above maximization is an NP-hard problem due to the following 
observation by Gurvits [7] . 
Let H be of the form 

/O Bi ••• BA 
Bi ••• 



H 



\Bs 



(4) 



0/ 



where Bj, 1 < j < s, is a hermitian matrix. Observe that 



where 



Him 



( 



••• 







(5) 



/ 



This means that the maximum of for a fixed jV'), is equal to the maxi- 

mum eigenvalue of ffdV'))- i?(|V')) is a rank-two matrix and its eigenvalues can be simply 
computed. Hence, 



max {^\{(^\H\(^)\'<\,) =max[(V|Bi|V>^ + --- + (^l^.|V'> 

\4)\il>) \il>) 



2 11/2 



(6) 



Gurvits fT^ has referred to [5] (which states that estimating the right hand side of Eq. ^ 
is NP-hard) and concluded the NP-hardness of computing the left hand side of Eq. ([6]). 

In this paper, we take the advantage of Eq. ([5]) in another direction. Suppose two 
(unentangled) quantum provers send the state to a quantum polynomial time verifier. 

Then the verifier can estimate (using the idea of [8,i4j) or equivalently the 

right hand side of Eq. ([5]). Thus, we conclude that QMAiog(2) contains NP. Here we slightly 
change this idea in order to obtain a larger gap in the QMAiog(2) protocol. 



4 NP C QMAiog(2) 

In this section we prove our main result. 

Theorem 4.1 For every constant e > 0, 3-SAT is in QMAiog(2, a, a — ^■}^^ ) for some a 
independent of e. 

To prove this theorem we give a Merlin- Arthur protocol for the 2-out-of-4-SAT problem. 
This protocol consists of two parts: first, given a satisfying assignment we should check 
whether it is a proper state, i.e., a state of the form of Eq. ([3]); second, we should check 
whether it is orthogonal to all vectors in the 2-out-of-4-SAT instance. We state each one of 
these parts in a separate lemma. 
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Lemma 4.1 Let e > be a constant. Then there exists a Merlin- Arthur protocol in which 
Arthur upon receiving the state \4>)\4') can check whether \ip) is {5n~'^^^)-close, in trace 
distance, to a proper state or not. More precisely, if {tp) is proper (and is chosen 
correctly), then Arthur accepts with probability 



1 1 / 2^^/^ 



2 3n \ n 

and if it is not {hn"'^/'^)- close to a proper state, then he accepts with probability at most 

1 If 1 



(7) 



2 ' 3n n) 20^3+^ ' 

Note that the acceptance probability of this protocol is never more than Eq. 

Now consider an instance a of 3-SAT. Arthur can reduce a to an instance (3 of 2-out-of-4- 
SAT with the conditions in Lemma [TTl and ask MerHn to send him a satisfying assignment 
of p. Then if /3 is satisfiable, Arthur by measuring Merhn's state can verify whether it is 
orthogonal to |afe)'s or not. This idea is elaborated by Aaronson et al. [3] to give a protocol 
for checking whether a given proper state is a satisfying assignment for /3 or not. 

Lemma 4.2 [31 Let us assume that Merlin is restricted to send a proper state. Then Arthur 
can solve 3-SAT with perfect completeness and constant soundness. 

The following corollary is a straightforward consequence of this lemma. 

Corollary 4.1 [3] Let us assume that Merlin is restricted to send a state that is 5-close, in 
trace distance, to a proper state for a constant S > 0. Then Arthur can solve 3-SAT with 
perfect completeness and constant soundness. 



Now we prove Theorem 14.11 assuming Lemma 14.11 

Proof of Theorem 14. It Given a 3-SAT instance a of size n (for a sufficiently large n), 
Arthur reduces it to a 2-out-of-4-SAT instance /3 over m variables according to Lemma [2Tl 
and asks Merlins to send him where 1-0) is (a proper state and) a satisfying assignment 

for /3. Then he applies one of the tests in Lemmas 14 . 1 1 or [L2l each with probability 1/2. 
If a is satisfiable, then Arthur accepts with probability 



1 1 

a = - + - 

2 2 



1 1 / 2^'/'' 
- + 2 

2 3m \ rn 



(9) 



If it is not satisfiable, then there are two cases. If is not (5m /'')-close to a proper 
state, then Arthur accepts with probability at most 



1 1 

2 + 2 



1 1 / 2\^/^ 1 
2 



2 3m V m 20m3+^' 



(10) 



Also, if IV') is (5m ' /■*)-close (and then 2 ^"-close) to a proper state (which is not a satis- 
fying assignment), then he accepts with probability at most 



where the constant s denotes the soundness of the test of Corollary 14.11 corresponding to 
5 = 2~^'^. Here we use the fact that the maximum acceptance probability of the protocol of 
Lemma 14.11 is given by Eq. ([7]) . 

Now observe that 62 < for sufficiently large m. Therefore, 3-SAT is in QMAiog(2, a, b), 
where 



1 
3m 



1/2- 



1 



1 



^3+€ ■ 



(12) 



Here we replace e' with e to consider the poly-logarithmic blowup in the size of problem 
by reducing it from a 3-SAT instance to a 2-out-of-4-SAT instance, and to eliminate the 
constants appeared in Lemma |4. II □ 

So the only remaining part is the proof of Lemma |4. II 



4.1 Proof of Lemma 14.11 

Consider a Hilbert space with the orthonormal basis {|1), . . . , |?^ 
define the hermitian matrix 

B,i = \j){l\ + \l){jl 

and let 

(n— l)n\ 



)}. For any 1 < j < ^ < 



H 











(13) 



VB(„_i)„ ••• / 

where all Bji^ 1 < J < ^ < t^-, appear as a submatrix of H. 

We show that the maximum of {il]\{(l)\H\(f))\'ij)) over all states and |0) occurs when 
is a proper state. In this case, given the state \4>)\i') one can estimate {4'\{4>\H\(t>)\'4>) in order 
to check whether \ip) is a proper state or not. However, H is not a measurement operator 
and it is not clear how we can estimate So we need some modifications. 

It is easy to see that A 7^ is an eigenvalue of H iff is an eigenvalue of ^ . Then, 
1 1 1 1 00, the infinite-nor of matrix iJ, satisfies 



\H\\ 



hi 



3,1 



Therefore, -I- -^H is a positive semi-definite matrix (and in fact an 0(log(n))-local 
Hamiltonian) with norm ^iJ||oo < 1- Thus, by the techniques presented in [314], 

having the state Arthur can throw a coin with probability of head being 



(^1(01(2^- 

and accept if it is head. Hence, by Eq. ( 
acceptance is equal to 



1 



3n 
D, if 



H)\m), (14) 

is the right state, the probability of 



1 

— max 

3n \^>) 



3,1 



1/2 



(15) 



Now we need the following lemma. 



Il^ll 



denotes the maximum eigenvalue of \X 
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Lemma 4.3 ((V-'l-^i/l''/')^ ^ 2 — -^-j and equality holds iff \tp) is a proper state. Also, for 
sufficiently large n if 

^m.|^)^>2-^--^, (16) 



n 

3,1 



then is {bn '^/'^)-close to a proper state in trace distance. 

Using this lemma, if \ip) is a proper state, the probabihty of acceptance is equal to 



1 1 / 2^l/^ 



and if it is greater than 



1 1 2\^/^ 1 



2 ' 3n nj 20n3+^ ' ^^^^ 



then \tp) is (5n '^/*)-close to a proper state. □ 
So it remains to prove Lemma 14.31 



Proof of Lemma I4.3t Let 



be a normalized state. Then 



I^)=E^^|J') (19) 



3,1 3<l 



= y: {^yi+^pw^\^3?\-i?) 

3<l 

3 j 3 3<l 

- IE ^?i' + (Ei^.n'"2Ek.^ (20) 



|2|„ |2 



where x denotes the complex conjugate of the number x. 
Using equation J21=i l^jP = 1 we obtain the inequalities 



and 



Ei-.i'^^ (21) 



E-?P<1. (22) 



Hence, combining with Eq. ((20)) we find that i (^plBjilip)^ < 2 — and equality holds 
iff both Eqs. pT|) and ([22]) are equalities, i.e., for any I < j < n 

^]--e'\ (23) 
for a constant 0, or equivalently iff is a proper state. 
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Now assume that Eq. (jl6|) holds; we show that \tp) is close to a proper state. By Eq. 
20|) we have 

Y^imii^^)' - 1 E -II' + (E i-.n' - 2E N.r > 2 " ^ ~ (24) 

j,i j j 3 



So comparing to Eqs. pTjl and p2l) we find that 



and 



Observe that 

E fi-.f - = E (I-/ + A - - E i-.r - 1- (27) 



Therefore, by Eq. ((25|) for every j 

n n 



x,P-^|<-^f^, (28) 



where 5 = e/2, and then 
Also, using Eq. we have 



EfeFf-lE^JPs-ir, (30) 



and since 



\x,\^f - I E -II' = 2^ - Rexfx^), (31) 

] 3 3<l 



and jxjXip — Yiexj^xf is always non-negative we obtain 



\x,xi\'' -Rexp^i <-^^, (32) 



for every j and Z . 

Now let Xj — sjrje'^^^ , where Sj £ {+1,-1}, rj is a non-negative real number, and 
-f < ^'j < f • Then Eq. ^ is equivalent to 



r. 



1 



< :3T^- (33) 



Also, by Eqs. ^ and ([31]) 

1 _ Ree^»(^^-«') < - ^)-' = (n^- - l)"^ < ^, (34) 
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for sufficiently large n. Without loss of generality, we assume that 6'i = 0; thus for every j 
we have 

l-Ree^'^^ < (35) 

and since — ^ < 6j < ^, 

1-Ree*''^<— . (36) 
Now using (Ree*^^)^ + (Ime'^^)2 = jt is easy to see that 

|l-e^«^|<A. (37) 



Therefore, by Eqs. ^ and ^ 



< ^ + + (38) 



and then 



/n n 

Now define the proper state 



We have 



e 



> 



> 



j 



3 



Using Eq. ([39]) we obtain 



l(^»l>l-V^^ = l-^- (42) 



Therefore, 

II WW - w)m Wtr - (1 - < (j^y < 5n-'/'. 



We are done. □ 



(43) 
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5 Conclusion 



Although the gap m our QMAiog(2) protocol for 3-SAT is larger than the gap in the proof 
of Blier and Tapp ( versus ^ik^)' their protocol is one-sided error. So one direction to 
improve this result is to turn it into a protocol with perfect completeness. 

Another open question is that whether the optimal gap depends on n, or whether there 
exists a constant gap QMAiog(2) protocol for NP. This question is related to the problem 
of whether recognizing states that are (5-close to a separable state, for some constant S > 0, 
is NP-hard or not. 
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paper. 
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